DIFFERENTIAL GEOMETRY
1. Manifolds and Smooth maps

lem 32 F s smooth wret N iff JpeX, 3 Py about p st

oy is smooth.

Exm 1l6: Us = S \3 (0 21}
1
"ft iz |;"I (‘Jlr-'l‘j")

S 1]
locat (oordS: Wi T

Dfn 1320 ¥, Y2: [0] > X ogree b fist ocder abp i 3 chan P:U-V

about p s.t- (9 %) (o) = (0e¥2)'(s) (1,00 = Yal6) =p)

S tures bosed at p} '/

Dfn 1:35: Tangem space: TpX: = Ogreement to first order

Dfn 13%: 33;;==(“Pv)d(€) Tp: Feumes arpd = (wo¥)(0).

2 b2 ™) 3
lemma 1-38: 2y, T A N

Dfn 1yo:  DpF: TeX = T 5 [(¥]— [Fo¥]

pop 143 (Chain i)  Pr(GioF) T D@ © Dy F

2. \ector Bundles and Tensors

Dfn 2-4: a rank - k vectr bundle over B is a Manifold E  along with
* 0 smotth  curjection TP E B, ine  prjection map
© o Open  (over Usgeq oF B st N o 3 diffesmo rpism
Fa: T7'Ua) = e xR

colled a local Eriviolication Haat satisfies:

1 prede= T oon T (Ua)

Doy ep, $poda s o the fum
Bpoda': (pv) — (r. 3paleV)

for some  smooth  Gpat Uw OUp = GLIKIR)

Exm 28: R* denotes  Ervial rank -X  y.b. over some impiicit space-

Dfn 2.10: Section s o smooth map S:U2E TosS = idg

Dfn  243: F:B) =Bz, then a  morphism 6f V.b. is @ Smooth wap.
G: €, =F2 st the diagmm commutes :

€ —’C‘ Ea

m l . ln

B — 8.

and G (E)p = (E2dgy s a linear wap.

Exm 2:4S: a mophism  G: B > € covering identdy on B iy e same as
0 gobal section: G~ s:ip e alp), s~ G(pt)— ¢ sp)

Moko: € \wally bavial iff 3 collection & local sections fuming @ Floewise basis.

Exm 2.0: (touwological line bundie over RP")

Ex T (pv): v ties intine PY, T:E -8B (pn)— p

QWoyyuny |, uiis { Croryxadimi 403
Br ¢ TTUW) = W AR G (e txn], Ao w)) e (Casimd, a)
& o, s (Winu)t R WU R, ([xg:.oiwn], t) = ([0 d] ,‘%‘)

35w R

Transition Functions ond (otyde Conditipns: 9pe: Ue AUp = GLIKR)
¢ N, Qua(p) = T

vy, el T (9™ and Juy () Gup (P Spate) T 2

]
Exm 21R: ven, se 95 = ( z‘.) Dende bundle by (9”"(")- Then

for  re-1) this s the tautological  bundie.

Lem 219: it W 2 E-3B is a rank ®k vk, then i i (ompietely determined

by s bivialisation  Cover fua) and transition  functions {9(”“

Dfn 2.21: T: € =B, the pulback burdle via F:B = 8, F'E, has total spae

+ -
FTE:= P';L- 270) w) cover 1F '(\M\)S , tronsition functions JpacF.

Constructing Vectr bundles by  gluing:
Dual bundie: E' i fibres (Ep)Y, Ipa = (gpa’)”: (gpa’)”
9pa @ 9pa € GL(K+2,R)

(52

Tensor: E1 @ E2  : Qipres (El)P ® (E:p , 3[5?( = 9[9«!'@ 5[5«1€ GL(KE,R)

vy
Whitney sum: E1® Tz fipres (Ei)p@(E2)p , 9?5'* :

Hom. Hom(E,, E) : Pibres Hom ( (E)p, (Ealp) , Sp:m‘ =¥ ( 3['"" (v, 90; (P))
@ (A > (x P BxA")

H
e 915'*“" Mat g (R) = GL(KE,R)

v

Dfn 2245 Cotangent pundle = THX: = @eX)
2 1 fundions or ﬂ/
~
where £~ £ 'agree up to first order ar p it Dpfi = Dpfe

(/3 , wnere 2ps vanishing derivative)

paiing  THX, TeX: (41, T¥]) > (#2¥) (o)
L think apbow (Y¥) € TeX as directional  derivatives
L think  about  €quivaience
Y
8: § —> (Zu'.§z'.'—‘?“'-;._‘p)

mn m
1% N



Dencte dxiiz 8(x') = duals of 2a;. dxi( 3x))= 3
lem 2:26: F:u>R, then df is a smooth section of T*X given by

o
dF: T it

Din 2.29: Given a smotw map F:X =Y, (DpF): Tl’—(p‘)‘”1 - Tp*%

is (alled the pullback of F, denoted F*
lem 2.30: F:X-Y, §:N->R, then F¥(d9) - d(geF).

3. Differentia\ Forms

‘N/
Wedge AV = VOV , eg. VAW = vVow- WOV
vliwl
graded Commutative: aAb = (QL) b AQ

A"V ane dimensional, @:V >V induces map det(x): A"V — A"V
n= dimVv

: Aai I pdxt
Din 3.1: exterior derivative of o = widz' ; de =55 dxd Adxt

wi -
Dfn 3.2: r-foum: o = wqdx? | deiz 23%j dx)n dx®
Prop suz () dP=o
® deq’ pen®
d(anp) = derp + (-DFa ndp
F: X Y smoovh, o€ .n"(Y)

) d(Ft«) = FY(da)

2°(%) = 3 closed r-foms), BT(X) = % exac ¢ -foums §

v,

r X\
Dfn 3.5: r*h 4o Rham cohomelogy  group: Har (X) /B'(X)

# % connecred Comp: OF X3
Cam 360 He'(X) = R

Lem 3-3 ( Contcavariant  funchoiality)
F: X >y smosk, then F':a') >0a7(X) induces a map

Fou'aly) = war(X)

Prop. 3N : Fo,Fi 2 X »Y  Smoothly homotopic,  then they induce the

Same  wap  Hdr (Y) = uer (X).

Cor 325 F:XY homotpy equiv, then  F¥7 HaRU) 2w () an ise
Den 3.1%: an onentadion of n-dim. v.3. U is a nonxero element of AV,
modulo positive rescalingy . An odered  basis  induces an orientavion €.A-- Aen.
An orientation of @ v.b. E is G nowhere - ker  gection of AP E modate
vescaling bY positive  Smooh Aunctions. (e NPE s deivial)

transion  function of A™PE = det(9pa).

Dfn 3lb: X is oriented it TX is oriented ¢ T¥X is oriented.

Dfn 3-8 nowhere vaniswing  w-fm = volume fxm

Din 319 TUa} an open Cover of X, 0 parkition ©of unity Subordinate to Tual
is @ collection of smooth Functions pw: X = Lo} s.t-
* Ya, supp( fu) < Ux

N peX, 3 open nhood WU of p st all pur finitely many pe vanish on W.

R L

Dfn 3-21: The integral of w over X , denoved SXW, is de fined as llows
* Cover X by Coord pavcnes TUal  So mot  wlog \ocal (oordinoves are
postively  oiented (2% N Nan  (oincides W) ocientation on X)

PiCF o pordition of umity Fpal  suvord: o ¥his cover. Eoch pats  has

CompOct  suppork ia W a. \nrite in  (oords as (f“ W ian drg Ao NdRg

* Define SX w = dZ‘-A S:R" (@ow) \2oen dx' .ov dx®™,

Theorem 3-2%  ( Stoke's Theorem)
IF X is on aciented MWB and w Compactly Supported  (n-1)-fum on X,

(v: 9% =X inclusion )

Aside 93X is ociented as folows: pe X, TpX oriented by Ox € N\ TeX
Let R ETPX be Ony owward pointing normal vecr . Then we oreny  TpoX

by  Oax defined by  Ox = WAOxx

Exm 3.28: on R, *RH, oriented by  3A'A-- AIAN  4pe  vector - dat s

-1
ostword pointing  So induced  ocientatiea on %05 xR™ jg - dxT A ADxn

-1 -
Cor 3.29: «en®, Pe a” F, and qt leat ane Compactly suppocted. Then

fodetp = ja’o(l\l'& + (—I)PJX"‘""‘ﬁ

Pop 330 X compact, ‘hen §x ") = R induces a map

no boundary “dR“(x) - R
4. Flows and Derivatives

flow along vector #ield v: idea: peX , Find 0 curve Y:Co, 1] X
St Yee) = v(v) L, v(o): e
0bE theoy = 3 !sowtion on Some (-E£.€) , depending  smoothly on p

> define Y t be an inkegal e’

Dfn w.2:  local Flow of V Comprises a Flow domain W and G smeoth map
$: U c Rxx =X such +has
o o) =p

© AfEcem) - v (an) 8- gl

1 -parameer  family Lin p) of integral utves.
S
pepess 84" 3.3

Dfn u.4: o vector Ffield is Compiee i # admiks a global  Flow-

hot all global, but all compactly Supported are giobal



DPn 4.5: The Lie derivaive of a tensor T on X along v is

-CVT: "ilt“ (@t)*.r

at

g o 0071+ Al @)1 (8L

lem w.6: Fec=om), Lof = dfv)

. dwt LAyl

)
weR(M), LAyw = (W =" 3:3) '

lem 4.7 1-fom 5 and vetrw field T,
Lo(SaT)s (£y5a)T* + sa (4,79

ony fensors § ond T,

Ly(seT): LyS®T + S®L,T

pf: pull back commures With comraction ond ¥ensor

Din 48:  Lie Brackel of veckr fields: [viwl= Lyw = - LV

acking on Fecocx) ,  CXA(0): XOVCA) - 1 (x(6))

lem 685 10 F:x oY is a difte, wen F(LT): Ler, (FF7)

Din W10 oc ', vEX , then WA is o Contracted with v:

Qi
V" %q...ar

lem 41l ( Cartan's magic fowmula)

Ly = d( 1) +1y (da)

5. Submanifolds, Foliations and Frobenius Integrabitity

DFn 5:1% Tis an immersion/ submersion/ local dcliffec O+ P iF P is
in]euive/ surjedive [ an iso at p-
Reguwar  point p = F Submersion at P

-1
Reguiar value q = F ('L) Containg 0aly  regular poinks- Gtnerwise  Critical.
lem S.2: DeF an iso, then 3 open nhoods of p, F(P St Fly:U>V a diffeo

Pop S4: F :X >Y an immersion at p, %',y x" coods at P,  tpen 3
Coords 9',..‘,5" ot ¥ st yoF = (%*)eeeyx®, 0,.0.,0)

ik submersion, then 3 coords  apout p st Yo F = (x, 2M),

Dfn B.5: (odim-K Submanifold of X is a subset 2CX st. VpEZ,

3 load  Coords Ay %n o gbout pos-b- Z s given by 1= =K 20,
Dfn 53: Smooth immersion tha's homeo oats its image iS an  embedding -

Pop 5:10: IF F:X =Y s smowh, ond g€V a regular value ; ¥hen

T'a) is 0 submanifold of X of  codimensiom = dim(Y)

d d
wehul: DRG0 = A Flere) | RO s f L Rl

Thwm 512 (sard's Thm): 4 ony gmookh map T:X Y, $ crivical poinks §
has weaswre 0 inY - regular vatues are dense Y
L’A Says nothing Qbout vegular points,

L dimx< dimY, nob & Sub., So no reg. points. Rey values = Y\ ¥(X).

Dfn S.04: Submanifolds Y, & CX gre transwerse if Ype Ynt  Te¥ + Tp =TeX
weite YAz

codim(Y) = k,
Pop S5 o IC Y2, dim(2) =0, then YN j5 o submanifold, Codim(¥nR) = k+L.

Dfn B.lo: A hk-plane dist® D 0a X is a rank K VeChr subbundle of TX

L any k-plane din® s focally Hhe hernel of nk  Fibrewise lin. indep. 1 -forms.
= Ker(o,...,%n-k)

Y immersed cune ( Y(£) 40 V&), ask Y(U) €Dy) Vo Sysem of opEs: oi(N(t)) <o

k=1+ 3! soavien uve Y given by choosing some V() basepoint-

X tocally = (c:=Disk transverse 4s D) X Solution Curves

*, g, 4% Coods ar X, X! along Solution  curves, g™ conserved quantities.

Solwiions  are gven by  4'% Consiant.

k>1: yndetermined. Can hope +nat locally 3 n-k conserved Quankties Yoy gt st

Solutions are level sets of the Y.

Dfn S.A8: qn ODE system of -k ODE's is called integrable ¥ 3 n-k  Conserved Clocally)

" .
quontities Y97 S Solukions are  level seFs of ke yi.

Dfn 5 An atas T€a Us > NaS s k- pliated i bans Punc o €6’ locally
have e form (x eR¥, yeR™™) — (SLuy, qU9)

Two foliated orlases are equivalent i +heir union is also feliared. A foliation on X s

n-x

an equivatence  class of foliared  aHoses . Wrire Foliared coordinates weox®, gty
G X Wos slices Faat  localy ook ke  [R%x Sets.

Given a  Kk-fligtion of X, I induced k-plane dis® D =< 92',.., 2%
where %' are the  coordinates from the foliated  otas. These are the ‘tangernt

Spaces to the  Slices-

Tom 521 (Fobenus Iniegrability). A k-plane dist? D orises from o doliation

N this way & D is  closed under C-,-3 (Db is involutive)
DEn 5.22 ¢ Such a disi™ 5 called integrable-

Thm  5:2% ( Frobenius integrability, aliernaie yersion)’ B k- plane dis®

D orises from o K-foliation  iff the annihilator

n
1w) = @ foenx: ¥p, vuve€Dp,  oe(wi, ve) = o}
Fzo

of D is closed wunder the exterior derivative d



6. Lie Gowps and Lie Algebras

Dfn 6d: Lie Quup = Smooth manifld w/ smooth wapS mulkiplicakion ond inversion:
Kt Gx& = G, VL6 G
Dfn 6 3:  Lie subgrup = embedded sSubmanifeld #hat's alse a subgroup
lg:h = gh
fn 6.5 (1] : . .
Dfn 9€0, vave waps RS‘ h g diffeomorphisms
Cg: h +— ghg”'

Lett invaviant bensor : \Lg)xT=T (ie U-,)*TH T,n) vg.

Rem: U-g")* < (L'j)'o .

\eft-invar. (P2Q) -¥ensors
(p,2) -tensors — a W
lem 6.3 ¢ Correspondence

Based on: Tg = \Lsh"\* Tn

Dfn ©.10:  lie Algebra 9 s Teh

Prop 612:  Define bracket 5,M €9, (4,1) = L¢q,a3(e), where
ey is left iovar. v.f given by [ Qs, Q).

Prop. &13: ¥V §¢e9, g s (omplere

Losswe V(&)= Lslvi) | vz + o VIE) = VIOVE) R smal st
Then st §(+9) = g V(¢).

Dn blv:  exp: 4 > G exp($) = $g'le)

lem 6:1b* eyp 15 Smooth

Exm 6:%: 6 : al(n,R). Ten o = Mu(R) , and

3

2 A
1 +A + %-' +—,-,.-\-...

exp:g—nﬁk

et =
d
lem G18:  SME€, pave Conl = aless ( Cenplig))e 1

ES30%: v,w v.f on X, local Rows 6,7, Smal t and u, @-E“Q“ o§*

%
s local time-u Plow of B w . T6 Cuwl o ,men 3% 18" Commute

Cor 620+ If §,n €9 sabisy [9.M7=0, then exp(3+1) = exp(s)exe(y).

TIn parilar,  exp($) and exp(n) Commute.

(\eht)
Dén 6.21: Qtion <:-GXX —>X Smooth  if map < Smooth
Dfn 6.23: rep™ : gmooth Qdion of G on AV-S- by linear pmaps: p: & = GLCV).
Exm G.24~ adjoint  rep™ - adion of G o0 g by o rijugation:

Adg(§) = (o) 5.

Dfn  6-223: infinilesimal Qttion  of on %EX:

$5¢9
4-% 1= Deemn) @ (5.9 ’(e\(P(“!)")'(“) €T«X

Infinik- adjoint  ackion: (Mevv(ﬁ)'\).(ﬂ = [%M] (see exm 6.24).

X .
Thm 623 G adion Free + poper, then la q tp- mani of dim = dim(X) - dim(a).
3! Smoowh stucture  that wakes T X M6 o submersion
Dfn 628: proper ackion: if T GXX X proper map. Lquiv ton Say (w1, (3i%3)
are two convergent  sequences. Then < proper f (9:) was a convergent subsequence.

Din 629 Homogeneous spae for G is a space X wl tmnstive G - ackion
principal Viom: space = G toesor 2= K w) a free and  ymgnsitive  Gi-adlion .
3 Principal bundles and  Connections .

1.1 Connectins by hand

T: € -8 , trivialisaions O« , setHon S gives ol [R% vawed function Ve.
Dbn 3.1 : commedtion A on € is a ge(hMR) -valued 1 -fum Ad . edch ord parch
st on  overlops R s gpg'dapa + 9pa” Ap Opa

Covariant derivative of § alng A , djs, locally given by dve + AcVd,

. A
S horivontal / Covaviamly onstant: = d° S T 0

l;| Ua x F(R‘)/(p,

DFn 3-3: Frame bundie: F(e) = Vi V)~ (p, 9pa(p) Wiy -y JpalPIVE)

NQtral  right G LCKMR)- action: 9-.(9/“.,...,\:) - (p, v.g,...,v;,)

sections of FCE) > brivialisarions of E over W.

Connection on E — Connection on F(E):

da  triviatisation of E = fa section on F(E).

diffec 8 TET(Ua) 9 Wa xGLEBIRY ; Fa(D)g o> (b,9)

Define 1 -hms  on U XGLWR)  using A« Conmections of E ( which are defined on U4)

via:  (veToua, §-5€ 795'“"'“‘)) = Adg! Aalv) + §

pull back  via 45 & ge(mR) vawed 1 -frm on Wi (Ua)

Prop 3:4% Local (onstructions agvee on overlaps, and give 4eCk,R) -valued 1 -form A
s F(E)  sarisfying:

Ap(p-5) =5  VWpeTe), $eqe(uR)

Re'A = Mg A 4 ge GLWR)

Conversely: A on F(E) satisFying two Conditions gives a toameckion on E via Ax:FotA-



3.2. Pr:noipal Bundles

Dfa 3-6:  (principal) G -lundle is wam P w/
. Smookh  curjection  TW: P -8
© TUSS (overing B + Vo a diffeomophism
§o: T ' (Ua) = UxxG ( trivialisations)
s.t (1) proo § o =m,
@ @,u@." (b:9) = Cb, 9palb)y) |, gy UaUp = G
Right G - action: (b,9) — (b,gh).

sections + &rivialisations cocr espondence:

§gos: s :=8"(be)

s = §: §(by = sl

14
Right action free + proper -» /o > 8

™
Dfn 2.9: P58 P:cnam(v) a rep?, then associated vechr bunde

. Px\V
PraV @ = [ (p3y9)~ ( p, plalv)

bansition  funckons: P (gpw).

(Ads 3)

Exm 200 Rdjot bundle:  pr & > GUG)  adjonr rep": 4 (el 3,

then ass. wb. is ad(P). 1f p: F(E), en od(P) =End(e) = E'OE.
3.3. Connections : P-B o G -bundie
Dfn 3 : A Comnection on P is a g-vaiued 1-fum A on P saxiskying
- Ap(r3) =% © R A Mg A

’

§u( triv- of P, ass. section S« |, Ynen /ocal connection T -forens are

A« := sa* A .
lem 3128 Aa = gpa dgpa Adg{si‘Ap

Prop 313:) evemy principal bundle  admits a  Conneckion:
Y P wl trve 8a, U, define Aw on T'(Ua) by Aa zo.

© [fad ubord t Ud, and  then sed A = E(P"‘”‘) A .

Din *15: pe?  versical subspace Tp'P = KerDpW = -y

horivontal  subspace  is  awy  Complementary Subspace

Rem:  H:=KerdA is a hodvontal diet® on P
b A righ equvariatt 3 H  yight invarian}
L gwen a vight iavariant hor. dist® W, 31 conmeion A on P 54 W= ker A.

Sethion Sof P is  horizenta/ N is tangemt & Wi s¥od =o.

3-4.  Curvarure
Dfn 31 A is A i§ hontetal  dik? Mz KerdA s inkegmble

Pop 3:13: TFAE:

B A s pa

W) D is foliated by 0@l  wodnomal sections

(i) » was a woiaontal  Sechion oMy over each poakin B

W) P can te wvered by brvialisabens  Qu st all Ag are O

Dfn @ curvarwre  F of A is wme o -valed  2- form:

dod + LLAA]
wheve:  twe o - valued 1 -fums <, T, CoATI(X¥2) = (o), w(x2)] - [Tx), «(x3)].
Thm 3200 A fa @ f=o0

Pop 3:21:  Sa sedion . b Qa, wrte Fa for SA'E. Twn  Ta is a of - valued
2- fum on Ux . These local  expressions QGlue together b qive on ad(P) - valued

2- form on B: Sp = S« 9pa’ and wis  Tp: Ad 9pq(0) Fa

3.5. Algebraic  Stvuctuves

Given @ (omeckion A on @ G-bundle P>8 and & rep® p: G > GLIY) , there's

an induced  connection on the associated vecksr bundle € = PXaV , given by local

connection 1 -Bums  Dep (Aa)

. . 4 .
Can extend covaviant derivative d” to on exierior  cevariant derivative using
e Leibniz wile: an €-valued p-form & con locally be written 0g 0 Sum Of
expressions S@X where S i5 a gection of € and o is a p-Rewm-  Twen define
4 (sea) = (d*s) Av + g oda.
d

Bianchi  identity d®F =0

Prop 3.2 2"
8. Riemannian Gieometry:
v)O’-

Dfn 8.0 : ianer product g on € i3 @ sechion of (E whith 15 Slrewise  symmetdc

and positive  definite

Riemannian  metric:  inner product on  TX

lem 82: Evew v.b. € 8 admits an inner produd.

Dfn 8:3: Riemannian manifld : (%, 9) is a manibd equipped with a  Riem. metic.

Din gu: A on € is  companble with 9 ¥ 9 iS (ovariantly  (onstant wri. induced

2
comnection  on (€2,



Impackani  Exomples:

s Wi o= S™\G o0 )
\
¥+ = 1390 ( “‘"“"’“)

w!-‘(!\ ] ( e, Nun? -I)

Nahi* 41 Nul?+1



